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A NATURAL EXTENSION OF THE
HENSTOCK-KURZWEIL INTEGRAL

1 Introduction

In 1990, Ralph Henstock and Jaroslav Kurzweil proposed a modification to
the definition of the classical Riemann integral which is equivalent to the Den-
joy -Perron integral. This modified definition gave birth to a definition of the
integral that is known as the “gauge integral”. The book of R. G. Bartle
[1] presents in considerable detail an introduction to this Henstock-Kurzweil
integral. The techniques used in the gauge integral are tied up with the met-
ric properties of the Euclidean space Rk. Such an approach is not suitable
in a broader sense when generalization of the integral on abstract spaces is
concerned. The purpose of this talk is to propose a modification towards a
natural extension of the Henstock-Kurzweil integral on abstract spaces. This
natural modification will help in proving many of the basic and fundamental
theorems of integration on abstract spaces.

2 Preliminaries

Throughout this paper, a measurable space is a pair (Ω,Σ) where Ω is a
topological space, Σ is a σ−algebra containing the Borel σ−algebra BΩ of Ω.
The elements of the σ−algebra Σ are referred as measurable sets. In what
follows, we will use

⊔∞
n=1An to indicate the union of the disjoint family of

sets (An).
By a measure we mean a set function η : Σ → R ∪ {±∞} that satisfies

η(∅) = 0, and η is countably additive; that is, η(∪∞n=1An) =
∑∞
n=1(An) when-

ever (An) is a disjoint family in Σ. Note that we do not require a measure η
to be nonnegative. A measure η can take either only +∞ or −∞.

Given a nonnegative measure µ and a measurable set E, let
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κµ(E) = {K ∈ Σ : K is compact,K ⊂ E,µ(K) <∞}.
We propose the following definition.

Definition 1. A nonnegative measure µ on the measurable space Ω is said to
have the compact measure property (CMP) if for every E ∈ Ω,

µ(E) = sup(µ(K) : K ∈ κµ(E)).

3 σ-Simple Function

We generalize the notion of simple function as follows:

Definition 2. A function φ : Ω→ R∪{±∞} is said to be a σ-simple function
if it can be expressed as a series of the form φ =

∑
n∈N cnIAn where An|∞n=1

is a disjoint family of elements of Σ, IAi is the indicator function of the set
Ai and (cn) is a sequence in R such that

∑
n∈N |cn| < ∞. We will denote by

S(Ω,Σ) the class of all σ - simple functions. We now define integrability of a
simple function.

Definition 3. We say that the σ-simple function φ =
∑
n∈N cnIAn is inte-

grable over a measurable set E provided that the series
∑
n∈ |cn|µ(An

⋂
E)

converges. The integral of φ over E is defined by∫
E

φ =
∑
n∈N

cnµ(An
⋂
E).

We denote by S(E,Σ, µ) the set of all integrable σ-simple function over the
measurable set E.

4 Integrability and Integral

Definition 4. A function f : Ω→ R is said to be µ- integrable over a Σ- mea-
surable set E if there exists a nondecreasing sequence (φn) and a nonincreasing
sequence (ψn) of σ-simple functions in S(E,Σ, µ) such that

1. φn ≤ f ≤ ψn) almost everywhere on E;

2.
∫
K

(ψn − φn)→ 0 for every K compact subset of E.

We denote by τ(E,Σ, µ) the space of all µ- integrable functions on the mea-
surable set E. It is clear that S(E,Σ, µ) ⊂ τ(E,Σ, µ).

The pair (φn, ψn) in the above definition is called a generating pair for f
over E.
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Definition 5. Let f : Ω → R be a µ-integrable over a Σ- measurable set E.
We define the integral of f to be∫

E

f = lim
K∈κµ(E),K↑E

∫
K

f.

5 Main Result

Theorem 1 (Monotone Convergence Theorem). Let (E,Σ, µ) be a measure
space and let E ∈ Σ . Let (fn) be a monotone sequence in τ(E,Σ, µ) and let
f = esslimfn. Then f ∈ τ(E,Σ, µ) if and only if sup(

∫
E
fn : n ∈ N) < ∞.

In this case,
∫
E
f = lim

∫
E
fn.

Theorem 2 (Fatou’s Lemma). Let (fn) ⊂ τ(E,Σ, µ) where E ∈ Σ. Suppose
that

(i) there exists α ∈ τ(E,Σ, µ) such that α(x) ≤ fn(x), for almost every
x ∈ E,n ∈ N ,

(ii) lim inf
∫
E
fn <∞.

Then

(a) lim inf fn ∈ τ(E,Σ, µ) and

(b) −∞ <
∫
E

lim inf fn ≤ lim inf
∫
E
fn <∞.

Theorem 3 (Dominated Convergence Theorem). Let (fn) ⊂ τ(E,Σ, µ) where
E ∈ Σ. Suppose that

(i) (fn) converges almost everywhere to f ,

(ii) there exist α, β ∈ τ(E,Σ, µ) such that α(x) ≤ fn(x) ≤ β(x), for almost
every x ∈ E , for every n ∈ N .

Then

(a) f = esslimfn ∈ τ(E,Σ, µ) and
∫
E
f = lim

∫
E
fn <∞;

(b) |f − fn| ∈ τ(E,Σ, µ) and lim
∫
E
|f − fn| = 0.

6 Comment

This presentation is the outcome from my joint work with M.A. Robdera.
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