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Abstract

We exploit recent combinatorial proofs of Fibonacci identities given by Ben-
jamin et. al. which use tilings of an n x 1 board to construct an analogous theory
of ¢-Fibonacci identities using weighted tilings. From this combinatorial interpreta-
tion, we obtain simple combinatorial proofs of new g-analogues of many well known

Fibonacci identities.

1 Introduction

Benjamin and Quinn have given elegant combinatorial proofs of several known Fibonacci,
Lucas, and Gibonacci identitites [2]. The basic counting techniques they used suggest
new theorems and new directions for study. We will exploit the power of their methods
to give several g-analogues of known Fibonacci identities.

The classical Fibonacci numbers have several combinatorial interpretations. We will
interpret f, := F,41 as the number of tilings of an n board with only squares and domi-

noes. Thus f4 = 5 enumerates the tilings:




We will extend the methods of Benjamin and Quinn by considering a well known
g-analogue of the Fibonacci numbers. The polynomial generalization of the f,’s given
below was first considered by I. Schur [5] in the context of giving a combinatorial proof

of the Rogers-Ramanujan identities.

fr1(q) = Fal@) + 4" i (q) Jilq) = falq) = 1. (1)
The polynomials f,(q) are considered g-analogues of the Fibonacci numbers because
limy1 foy1(q) = fn. For example, fs(q) = 1+ q+ ¢* + ¢° + ¢* which clearly tends
to fs =5 as ¢ = 1. The recurrence (1) suggests we generalize the combinatorial interpre-
tation of Fibonacci numbers by weighting each domino with a power of ¢ that corresponds
to its location in the tiling. Then

Fari(@) =) 4" (2)

t€Ty

where T), is the set of all tilings of an n-board. The weight of a fixed tiling |¢| is the sum

of all ¢ such that ¢ has a domino in position (7,7 4 1).

Example.

1234 56 7

The tiling above has weight ¢* - ¢° = ¢” as there is one domino in position (3,4) and

one in position (6, 7).

We define a fault of a tiling to be a position m such that the tiling does not include a
domino in position (m,m + 1). Occasionally we will need to split a tiling at a fault and
count the possible tilings to the right and to the left of the fault. While tilings to the left
of a fault are counted by g-Fibonacci numbers, tilings to the right have higher weights.
We will define shifted g-Fibonacci numbers to count weighted tilings to the right of a fault

in a standard weighted tiling as

Fih(a) = F(0) + 7 £ ), 1) = @) =1. (3)



In particular, fT(Lj_)l(q) is the generating function for weighted tilings of a board of
length n shifted to the right a units. It is easy to verify that fé(j_)l(q) = fut1(q).

Example.
Consider the tiling of a 9-board below. If we break this board at the indicated fault,

the weighted tiling on the right side of the fault is given by ¢*- ¢® = ¢'*.

If we consider all possible tilings of a 6-board to the right of a fault at the third cell,
we would have: 14+ ¢* 4+ ¢+ ¢+ ¢" + ¢ + ¢'° + ¢"* + 2¢"2 + ¢"3 + ¢** + ¢'® which is

precisely f7(g) (q).

Lastly, g-binomial coefficients play a role in counting weighted tilings. Recall the

definition of the g-binomial coefficient

n (1-q)(1=¢*)---(1—-q") (4)

2 (T=g)(1=¢*)- (1 =¢"1 =q)(1 =¢*) - (1= gnF)

n n
Notice that lim = (k‘) It is easy to verify that the g-binomial coefficients can
qg—1- k

g
be alternately defined in terms of the recurrence

n . n—1 n—1 n n
:qn_ —+ , =1 and = 1. (5)
k E—1 k 0 n
g q L g g g

n
It is easy to check that ¢*° counts the number of weighted tilings having n

g
tiles and exactly & dominoes. We show this by letting g(n, k) represent the generating
function for weighted tilings with exactly n tiles, k of which are dominoes. Then g(n, k)

must satisfy the recurrence

gln k) = q""*lg(n = 1,k =1) 4+ g(n —1,k). (6)
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This is clear if we consider tilings with n tiles, k of which are dominoes, and split them
into two disjoint cases depending on the last tile. If the last tile is a domino, the domino
contributes ¢"t*~1 to the weight and any weighted tiling using n — 1 tiles, & — 1 of them
squares, could precede. Thus, we have ¢"**~1g(n — 1,k — 1). If the last tile is a square,
then we get a tiling using n — 1 tiles with exactly £ dominoes or g(n — 1, k). Multiplying
through (6) by ¢* and checking initial conditions gives the desired result. For more

information on the g-binomial coefficients see Andrews [1].

2 Identities

In this section we state several known Fibonacci identities for which combinatorial proofs

are known. We prove g-analogues using combinatorial methods and weighted tilings.

Identity 2.1. Fibonacci version: For n > 0,

o+t hi+fot+ o+ fo=foya—1 (7)

g-Fibonacci version: Forn >0,

afi(q) + @ fa(q) + -+ ¢ fara(q) = fara(q) — 1 (8)

Proof. Count the number of weighted tilings of an (n + 2)-board that use at least one

domino.
e RHS: The tiling of all squares is the only one omitted thus giving f.+3(q) — 1.

e LHS: Consider the location of the last domino, say position (k, k+1). This domino
contributes a ¢* to the weight, all tiles to the right are squares and to the left we
may have any weighted tiling of a (k — 1)-board, which gives fi(¢). Summing over
all possible k gives the desired result.

Identity 2.2. Fibonacci version: For n > 0,

Jot fot fat o+ fon = fona (9)
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g-Fibonacci version: Forn > 0,

Q)+ T a(a) + 0 fs(@) A fangr(0) = fanga () (10)
Proof. Count the number of weighted tilings of a (2n 4 1)-board.

e RHS: f5,.2(q)

e LHS: Consider the location of the last square. Since the board has odd length
there must be such a square and it must occupy an odd-numbered cell. If this

cell is in position k then the dominoes to the right of cell & contribute a weight of

k4+1)+(k+3)+---+(2n) n?4+n—(k2-1)/

q' =gq 4. The remainder is simply a tiling of a (k — 1)-

board given by fi(¢). Summing over all odd & gives the desired result.

Identity 2.3. Fibonacci version: For m,n >0,

fm+n:fmfn+fm—1fn—1 (1])

g-Fibonacci version: For m,n > 0,

Sns1(a) = Lo () F252(a) + 0™ F(@) 157 (0) (12)
Proof. Count the number of weighted tilings of an (rm 4 n)-board.

e RHS: Consider the disjoint cases where a tiling has or does not have a fault after the
mth cell. If a weighted tiling has such a fault then to the left of the fault we have a
standard weighted tiling of an m-board f,.+1(q) followed by a shifted weighted tiling
of an n-board, fU7)(g). If there is no fault after the mth cell, then a domino must
occur in position (m,m + 1). That domino contributes ¢™ to the weight. There is
a weighted tiling to the left of an (m — 1)-board and a shifted weighted tiling of an
(n — 1)-board on the right.

¢ LHS: frini1(q)



Identity 2.4. Fibonacci version: For n > 0,

n n—1 n—2
= f, 1
<0>+<1>+<2>+ f (13)
g-Fibonacci version: Forn >0,

[3] L
w2 |n—k
q = fn+1(Q) (14)
k=0 k

q

Note: This is often used as the definition of g-Fibonacci numbers and is the definition
of polynomials considered by Schur [5].
Proof. Count the number of weighted tilings of an n-board.

o RES: f.41(q)

o LHS: et £ be the number of dominoes in the weighted tiling. A tiling of an n-board

with & dominoes must have n — 2k squares. Such a tiling with n — k tiles, exactly

n—k

k of which are dominoes, is counted by ¢*° . Summing over all possible &

q
gives the desired result.

Identity 2.5. Fibonacct version: For n > 0,
n—i\[n—y
Sy (")) e 13
i>0 >0 J ¢

g-Fibonacci version: Forn >0,

oy | n—j
qu( +(nti+1)j) . . = fansa2(q) (16)

i>0 >0 J i
- = q q

Proof. Count the number of weighted tilings of a (2n + 1)-board.
[ ] RHS: f2n+2(Q)

¢ LHS: Consider the median square (there must be an odd number of squares). Count
the number of weighted tilings with exactly ¢ dominoes to the left of the median

square and j to the right. If a tiling of a (2n + 1)-board has i + j dominoes, it must
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have 2n + 1 — 21 — 25 squares, n — i — j squares on each side of the median square.

So, the tiling to the left of the median square is a standard tiling with exactly
n — j tiles ¢ of which are dominoes, thus contributing a factor of ¢ . The
I

g
contribution to the right of the median square is complicated by the fact that the
weights are shifted. Tt is not hard to check that this part of the tiling is given by
gt . Summing over all possible 7 and j gives the desired result.

J
q

Identity 2.6. Fibonacci version: For n > 0,

i (k> fimt = fones (17)

k=1

g-Fibonacci version: Forn > 0,

S g | " i £ (q) = fanl(q) (18)
k=1

n —
q

Proof. Count the number of weighted tilings of a (2n — 1)-board.
e RHS: f5,(q)

e LHS: Let £ be the number of squares among the first n tiles. Then we have a tiling

n
n—k
q

tiling of a (k — 1)-board giving f,an_k)(Q)-

with n — k& dominoes, thus ¢(»=*’ . The remainder is a shifted weighted

Identity 2.7. Fibonacci version: For n > 0,

f2= fogrfoor +(=1)" (19)

g-Fibonacci version: Forn >0,

n+1>

Farr (@S () = Fura (@) fD(g) + (=1)7g("3 (20)



Proof. Consider a pair of tilings of n-boards. Draw one below the other shifted to the

right one position as in the figure below.

2 n+1

e RHS: Consider the last common fault. Break both tilings at that fault and swap
the tails of the tilings. This results in a tiling of an (n + 1)-board on top with a
shifted tiling of an (n — 1)-board below. This is simply fn_l_g(q)fél)(q). We cannot
make such a swap when the two tilings do not share a common fault. This occurs
only in the case where both tilings are all dominoes. When n is even, the all-domino
pair of tilings are counted on the right side and so must be added to the left side,
thus contributing ¢("%') to the right side. Tf n is odd, then the pair of all domino
tilings cannot exist on the left side, but the pair of all domino tilings does exist on

the right side and must be subtracted, thus the —q(";l)

e LHS: The pair of weighted tilings is counted by fn+1(q)fﬁ|_)1(q).

Identity 2.8. Fibonacct version: For n > 0,

Y IE=tafonr (21)
k=0

q-Fibonacci version: Forn > 0,

n

. (fk+1(Q))2q((n;1)"<k;1>) = Jat1(q) frt2(q) (22)

k=0
Proof. Count pairs of weighted tilings of an n-board and an (n+1)-board and consider

the location of their last common fault.

e RHS: The pair of weighted tilings is counted by fn41(q)fat2(q).



o LHS: Assume the tilings have their last common fault at cell k. Then the tilings
must have a series of staggered dominoes after cell k, these dominoes contribute
q<(n;1>_(k;])> and there remain (fk_H (q)>2 ways to tile the initial segments of the

pair.
Identity 2.9. Fibonacci version: Forn > 1,

f1+f3+f5+"'+f2n—1:f2n_] (23)

q-Fibonacci version: Forn > 1,

2

Z fm:(Q)qnz_iz = f2n+1(Q> -q" (24>

Proof. Count the number of weighted tilings of a 2n-board with at least one square.
e RHS: Clearly this is fy,11 — q", all tilings except the tiling of all dominoes.

e LHS: Since there is at least one square, let & be the position of the last square.
Since only dominoes follow the first square, & must be even. Let & = 2:. Then
we have an arbitrary weighted tiling of length 22 — 1 preceding the last square,
contributing f5;(¢) and the remaining tiles dominoes, contributing ¢ =%, giving the

desired result.

3 Remarks

Benjanmin et. al. and Vajda have produced extensive lists of Fibonacci, Lucas and Gi-
bonacci identities [2], [3] and [6] inclusding dozens of identities involving Fibonacci num-
bers that can be generalized to give ¢-Fibonacci identities. The weighted tiling approach
should be very useful in finding the g-analogues for Fibonacci identities not discussed
here. In addition, similar combinatorial methods should be developed for g-analogues
of Lucas numbers and Gibonacci numbers. Eric Lindgren, Mai Ahn Ngo and Stephen
Segroves have done some of this work, finding several g-analogues of Fibonacci, Lucas

and Gibonacci identities.
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