The solution to the Schroedinger equation for the hydrogen ‘
atom (or other single-eledron spedes with nwclea charge Z  will be some value
greder than 1) consists of two perts, atotal energy, E,, and / atthis point
afunction¥,,,, (psi, pronourced “SIGH”"): (y.2) or (6.0
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a, = _N""  _ the “Bohr” radius, 0.53x101°m
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and

m. = the mass of the electron, 0.00091x 102’ kg
e = the basic unit of charge, 1.6x10 *° Coulombs
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Note that thereis adually awhole set of “corred” solutions to the Schroedinger equation. To get
any solution, replacen, I, and mwith “reasonable” integers and Z with the nuclea charge. For
example, setting the parametersn=1, | = 0, and m= 0, we get for the hydrogen atom (Z=1):
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Origin of therulesfor n, |, and m. If youlook carefully, the “rules” welean for n, |, andmare
present in the solution. Look for places, for example, where nisin the denominator, as 1/n. How
doesthat restrict the possble values for n? Similarly, there ae severa fadoriasin this equation,
such as (n + 1)!. That means the product of all theintegersfrom 1to n+l. For example, 5! = 120.

Bl = 1x2x3x4x5 = 120

Fadorials can orly be taken of nonregative integers. (0! isdefinedto be 1, bu “-1!" is
meaningless) The presenceof certain fadorial termsin the solution d the Schroedinger equation
places drict restraints onthe values of n, |, and m. (Can you find thase terms?)

Degenerate states and hybridized orbitals. In addition, ndicethat the only quantum number
that appeasin the energy formulais n. That means that states with the same n but different |
and/or mall have the same energy. They are degenerate. In fad, for any value of n there ae n?
degenerate states. For example, when n = 2 there ae 4 states, commonly referred to as 2s, 2px,
2py, and 2z (For n = 3 what are the ommon remes for the orbitals?) Any linea combination o
degenerate statesis gill asolution d the equation. For example, 2s + 2px or 2s — 2px are
perfedly fine solutions to the equation. They are sometimes referred to as hybrid states or
hybridized orbitals.

Orbital sizeand Z/n. Whenever r appeasin the radia part of the wave equation, it appeasin
theform“Zr/n.” Thus, “Z/n" is ascaling term that changes the size of the orbital. When Z is
large, that is, when there is a strong nuclea charge, the orbital is“shrunk’ by afador of Z. For
example, for Li*?, where Z = 3, the 1s orhital is exadly the same & the 1s orbital for hydrogen,
but 1/3 the size. In contrast, when n increases, the orbital becomes larger. Thus, a2s orbital is
abou twicethe size of a1s orbital. (In as much as one can refer to the “size” of an orbital, seeng
as orbitals extend an infinite distance from the nucleus.)

Orbital type and the quantum number |. To alarge extent, it is the quantum number | that
determines the type, or overall shape, of an arbital. Thisis because the theta part of the wave
functioninvolves fadors invaolving cosine theta taken to pawers of |. For example, when | =0,
we have asphericdly symmetric orbital (s). When | = 1, we have ap orbital. (So what dowe
have when | equals 2 or | equals 3?)

I maginary solutions. The quantum number m only appeas in the “longitude” term, where it can
be thought of as stting the diredion a orientation o the orbital. Noticethat in that term thereis
the imaginary number i, the square root of minus one. This part of the solution paes a distinct
problem. When m = 0 this term disappeas, bu when misnoreero, in order to show “red”
solutions, pairs of imaginary solutions have to be combined together. For example, what are
commonly cdled the px and py orbitals are ad¢ually linea combinationsof m=1andm=-1
when| =1.
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Thisisaccetable, becaise any two degenerate states can be combined to give aperfedly
reasonable solution to the overall equation. (What do you suppase the combinations for m= 2
and m=-2looklike? What dowe commonly cal those orbitals?)

Radial and angular nodes. If youlook closely at

three-dimensional depictions of orbitals, you will find . * ¥
that there ae two-dimensional surfaces—spedficdly ’;?,,;s 3y

spheres, planes, and cones—where there is absolutely - *5:,9*++
no pobability of finding the dedron. These surfaces
are cdled nodes. The radial part of the wave function ™ "if;im
ends up keing an equationinvolving sums and "o
differences of r taken to various powers. Equations of
this type have roots—values for r for which the value
IS zero. These roats result in sphericd nodes.
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two sphericd I:]OCbS (n=3,1=2,m=0)

The two angular parts of the wave equation (involving ¢ and ¢) also produce nodes. Here the
nodes appea due to the presence of sines and cosinesin the equation. These functions go to zero
at regular intervals, such as every 18(Q for sin(x) and cos(x), or every 90° for sin(2x) and cos(2x).
These nodes can take the shape of cones or planes, depending uponthe values of mand|.

two conica nodes (n=3,1=2,m=0) two planar nodes (n=3,1=2,m=+1)

The exad number of radial nodes and angular nodes for an orbital can be determined just from
knowing the values of n and|. (The exad relationships are |eft as an exercise for the reader. See
iIf you can figureit out based onwhat you knowv abou the orbitals with n equal to 1, 2,and 3.
How many radial nodes and hav many angular nodes shoud there be for an orbital with quantum
numbersn =5 and| = 3—that is, a 5f orbital ?)

It might seem odd at first that there be asurfacewhere thereis no pashility of finding the
eledron. However, it isaso true that thereis no pashility of finding the dedron onany
surface nock or otherwise. Thisis because the probability of an eledron keing “found can orly
be determined for volumes, na surfaces. (Integration over al threedimensionsisrequired to
obtain avalue for probability.) Thus, the fad that ¥ is zero ona surfaceneed na be a oncern. In
any red volume the dedron always has some probability of being found.



