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ABSTRACT
In a landmark survey of visibility algorithms in 1974, Suther-
land, Sproull, and Schumacker stated that “We believe the
principal untapped source of help for hidden surface algo-
rithms lies in frame and object coherence.” [11] Making use
of such temporal coherence appears to be difficult, however,
for scenes with moving objects. Almost three decades later
Cohen-Or, Chrysanthou, and Silva stated that “The efficient
handing of dynamic scenes is an open area of research at this
point.” [3] This five minute video describes a kinetic visibil-
ity algorithm for moving objects in the plane that is provably
efficient in an average case setting.

The corner arc algorithm is a Kinetic Data Structure [2]
which makes use of new properties of pseudo-triangulations
[9]. The corner arc algorithm and its analysis are given in
Chapters 4 and 5 of a thesis on kinetic visibility algorithms
[6] where the proofs and more detail for the theorems in this
abstract are found.

1. SETTING
Four difficulties arise in designing an appropriate setting

for analyzing the computational complexity of maintaining
visibility among moving objects. First, the efficiency of
a visibility algorithm typically depends on the number of
objects visible to the observer, and this number may vary
greatly as the objects move. Second, object motion may
result in collisions between objects, and changes to object
trajectories due to collisions may easily result in complex
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motions. Third, even in the absence of collisions, the cost of
maintaining data structures for objects in regions that hap-
pen not to be seen by the observer may nevertheless dwarf
the costs of visibility maintenance in those regions that are
seen. Fourth, in part as a result of the first three difficulties,
worst-case bounds may be overly pessimistic.

Several approaches have been proposed to address these
difficulties in creating an appropriate setting. We propose
extending the static probabilistic setting of Cohen-Or et. al.
[4] as follows. All object positions and initial motion trajec-
tories are randomly drawn from a known distribution. Thus
all essential parameters of the setting, such as the number
of simultaneously visible objects, can in principal be de-
rived analytically. We focus on asymptotic analysis for the
number n of simultaneously visible objects, thus emphasiz-
ing the characteristics of algorithms in low density environ-
ments where collisions are rare. The issue of avoiding too
many non-visibility related costs can be addressed in this
setting by choosing an appropriate event horizon, namely
choosing to ignore objects that lie so far from the observer
that the probability of seeing them is vanishingly small.

Let S be a set of unit circles in the plane whose positions
are drawn from a uniform distribution, whose speed is fixed,
and whose velocities are chosen uniformly at random from
the circle of directions. Let s be the ‘spacing’ between the
objects, namely the side length of a square whose expected
occupancy is one. The following lemmata express some basic
properties of this setting:

Lemma 1. The expected number of objects n visible to a
fixed point observer p is πs2.

Lemma 2. In a static setting where the observer moves a
distance of s and the objects are fixed, the expected number
of changes in visibility is 2s3.

Lemma 3. In the dynamic setting where the observer is
fixed and the objects simultaneously each move a distance of
s, the expected number of changes in visibility from the point
of view of the observer is approximately 4.3493s3.

The following lemma provides one possible distance to the
event horizon in the dynamic setting:

Lemma 4. The ratio between the expected number of changes
in visibility that occur beyond a distance of R0 = s2 log s2

of the observer and the expected number of visibility changes
that occur within distance R0 is O((1/s4) log2 s).



For scenes in which the objects are drawn from a known
distribution, one may expect bucketing approaches to per-
form well. However, even for the uniform distribution de-
scribed above, the expected average distance between two
objects that are adjacent along the boundary of the visibil-
ity polygon is Θ(s2). As a result, the cost of ray-shooting
in a uniform grid with O(1) objects expected per grid cell
will be Ω(

√

n) per change in visibility. Perhaps Θ(
√

n) is an
intuitive bound for the cost of this type of visibility mainte-
nance.

2. CORNER ARC ALGORITHM
A boundary segment is a line segment on the bound-

ary of the visibility polygon that connects two objects. For
a given boundary segment b, let T be the incident object
closer to the observer (the tangent object), and let F be
the incident object farther from the observer (the far ob-
ject). Let σ be the shortest path homotopic to b beginning
at the tangent point of b on T , extending away from the
part of the visibility polygon next to b, and ending on the
far side of F . The corner arc of b is exactly that part of
σ which extends up to F , but does not curve around it (see
Figure 1).
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Figure 1: A corner arc can be obtained from a bound-

ary segment by imagining that the segment is made of

elastic and pulling the end of the segment along the far

object, away from the visibility polygon, until it becomes

tangent to the far object.

Consider two boundary segments bl and br that both end
on a single far object F , such that the portion of the bound-
ary of F between them is not seen by the observer. The
shared corner arc of bl and br is the shortest path ho-
motopic to the curve that follows bl from its tangent point
to the far object, that then follows the boundary of the far
object to br, and then follows br to its tangent point.

To compute the time for a visibility event (namely a change
in combinatorial structure of the visibility polygon), it suf-
fices to either compute the time that two neighboring bound-
ary segments coalesce, or the time that the first object after
the tangent object along a corner arc becomes tangent to
the associated boundary segment.

The spatial data structure of the corner arc algorithm
consists of three elements: 1) boundary segments, which en-
code the visible objects; 2) corner arcs, which permit events
relevant to boundary segments to be computed; and 3) a
pseudo-triangulation, which includes the bitangents along
all the corner arcs. The video describes the SegSide proce-
dure, which modifies a pseudo-triangulation to include the
bitangents of the corner arc of any given boundary segment.
This procedure forms the basis for both initialization and
maintenance of corner arcs. The event handling is described
in the video. Further details may be found in [6].

3. AVERAGE CASE COMPLEXITY
The complexity of the corner arc algorithm depends on

both the number and cost of the various kinetic updates.

Theorem 1. The expected average number of flips per
visibility event in the corner arc algorithm is no more than
19.046, regardless of the spacing s.

Lemma 5. The number of pseudo-triangle events that oc-
cur if the objects move a distance of s that arise due to
visibility maintenance near the observer is O(s3 log2 s).

Combining these and other costs:

Theorem 2. The expected average cost per change in vis-
ibility in the average case dynamic scene, including the costs
of non-visibility related events, is O(log2 n).
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