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1 Introduction

Notations R - the set of real numbers,
N - the set of positive integers,
|J| - the length of an interval J,
diam(A) - the diameter of the set A C R
A - the Lebesgue measure on R,
L - the o-algebra of Lebesgue measurable sets on R,
N - the o-ideal of Lebesgue null sets on R,
Tnat - the natural topology on R,
AANB=(A\B)U(B\A4),
J+z={a+z:a€J}for JCR,
J—xz={a—xz:a€ J}for JCR.

Let A e £ and zg € R.

We shall say that a point x( is a density point of A if

A((A = z0) N [=h, h])

li =1
hi}%{r 2h <
M(A=z9)n[-1,L
g MA—@O )

n—00 b

Mathematical Reviews subject classification: Primary: 26A15; Secondary: 54A10, 26A21
Key words: density topology, J-density topology, J-approximately continuous functions



2 J. HEJDUK, R. WIERTELAK

Let (s) = {sn}nen C R4 and s, 7~ oo.
We shall say that a point zg is an (s)-density point of A if

C AMA—zo)n -, £
lim 5 noon o —1,

2 A J-density point

We say that a sequence J = {J, }nen of closed intervals is tending to zero
(denoted J,, — 0) iff
n— oo

li_>m diam(J,, U {0}) = 0.
S - the family of all sequences of closed intervals tending to zero.

Let Ae L, J € S and xg € R.
We shall say that a point xg is a J-density point of the set A if

lim AM(A —z0) N Jy)

n—oo ‘Jn‘

=1.

An operator ¢,
Let Ae L and J € 3.

D7 (A) ={z € R:x is a J-density point of the set A}.
Theorem 1. Let A, B€ L and J € S.
1. 7(0) =0 and 257(R) =R,
2. 27(ANB)=d4(A)Nds(B),
3. if (AA B) e N, then ®7(A) = ®4(B),
4. (2g(A)\A) e N,
5 ®5(A) € Fs,.

Therefore ® 7 is an almost lower density operator.
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3 A J-density topology
Theorem 2. Let J € . The family
Tr={AeL:ACPs(A)}

is a topology stronger than the natural topology and it is called a [J-density
topology.

. - a some special subset of &

Let & J 0
alJ) = hmsupw < 00

Put
S ={T €3 a(J) < oo}

If 7 € &, then we have
1. (P7(A)AA)eN,
2. 4(A) C Ds(A), where Py(A) is the set of all density points of A.

Theorem 3. If J € S, then the topology (R, T7) is von-Neuman topology
associated with the Lebesgue measure. It means that:

1. (R, T7) is Baire space;

2. (R, T7) satisfies ccc;

3. K(T7) = {A € L1 MA) = 0};
4. Ba(Ty) = L.

Theorem 4. For every sequence of intervals J € Sy the following conditions
are equivalent:

i) J € Sa;
it) Tq C Tz, where Tq is a classical density topology .
Let J € &,. We have the following properties:

(a) A € N if and only if A is a closed and discrete set with respect to a
topology T7;

(b) aset A C R is compact with respect to a topology 77 if and only if A is
finite;
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(¢c) N =K(T7) and L = Ba(T7);
(d) B(T7) = L;

(e) (R,77) is neither first countable, nor second countable, nor separable, nor
Lindelof space.

Theorem 5. For every sequence of intervals J = {J, }nen € S there exists a
sequence of intervals K = {Kp}nen € S such that

T\ Tk #0 and T \ T7 # 0.

4 A J-approximately continuous function

Let f:R—>Rand J €S.
We shall say that f is J-approximately continuous at a point o € R
if there exists a set A,, € £ such that
xo € Py(Ay,) and f(xo) = lim f(x).

Tr—xo,
TEAL

Theorem 6. Let f : R — R be a Lebesgue measurable function and let J € .
The function f is J-approzimately continuous at a point ¢ € R if and only
if the following condition is fulfilled:

Y, woe@s({zeR: |f(@) = fzo)l <e}).

Theorem 7. A function f : R — R is a Lebesque measurable if and only if
there exists a sequence J € S and a set By € N such that the function f is
J -approzimately continuous at each point v € R\ By.

Theorem 8. Let f : R — R and J € . The function f is J-approximately
continuous if and only if for any a € R the sets E, = {x e R: f(z) < a} and
Ec={zeR: f(z)>a} belong to the topology T7.

Theorem 9. Let f : R — R and J € . The function f is J-approximately

continuous if and only if f € er:fm.

C;%M is the family of all continuous functions f: (R, T7) = (R, That)-

Theorem 10. Let J € &. If f : R = R is a J-approzimately continuous
function, then f belongs to the first class of Baire.
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5 The separation axioms

Theorem 11. For any J € S the space (R, T7) is a Hausdorff space.
Theorem 12. For any J € S, the space (R, T7) is regular.

Theorem 13 (An analogue of Lusin-Menchoff Theorem). Let J € S, and
E be a Lebesque measurable set. Then for every Thai-closed set X such that
X C(EN®4(E)), there exists a Tnat-perfect set P such that X C P C E and
X C 4 (P).

Theorem 14. Let J € S, and E is a F, set such that E C ®7(E)). Then
there exists a J-approximately continuous function f such that

1) 0< f(x) <1 forz e E,

2) f(x) =0 forxz ¢ E.

Theorem 15. For every J € S, the space (R, T7) is completely regular.
Theorem 16. For any J € < the space (R, T7) is not normal.

Problem 17. Is the space (R, T7) regular (completely regular) for every se-
quence of intervals J € J?
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